Structural stability is a major consideration in the design of lightweight shell structures. However, the theoretical predictions of geometrically perfect structures often considerably over predict the buckling loads of inherently imperfect real structures. It is reasonably well understood how the shell geometry affects the imperfection sensitivity of axially compressed cylindrical shells; however, the effects of shell anisotropy on the imperfection sensitivity is less well understood. In the present paper, the development of an analytical model for assessing the imperfection sensitivity of axially compressed orthotropic cylinders is discussed. Results from the analytical model for four shell designs are compared with those from a general-purpose finite-element code, and good qualitative agreement is found. Reasons for discrepancies are discussed, and potential design implications of this line of research are discussed. = denotes an adjacent equilibrium state
Structural stability is a major consideration in the design of lightweight shell structures. However, the theoretical predictions of geometrically perfect structures often considerably over predict the buckling loads of inherently imperfect real structures. It is reasonably well understood how the shell geometry affects the imperfection sensitivity of axially compressed cylindrical shells; however, the effects of shell anisotropy on the imperfection sensitivity is less well understood. In the present paper, the development of an analytical model for assessing the imperfection sensitivity of axially compressed orthotropic cylinders is discussed. Results from the analytical model for four shell designs are compared with those from a general-purpose finite-element code, and good qualitative agreement is found. Reasons for discrepancies are discussed, and potential design implications of this line of research are discussed. (1) = denotes an adjacent equilibrium state
I. Introduction
S tructural stability is a major consideration in the design of lightweight structures, and is often predicted by using relatively simple linear eigenvalue buckling analyses that are based on idealized, perfect geometry. During the past one hundred years, a large collection of theoretical buckling predictions for many idealized structures under different loading conditions has been developed. However, these classical theoretical predictions are often considerably nonconservative for certain classes of inherently imperfect thin-walled structures, such as cylinders. To account for this nonconservatism in a design, a perfect correction factor known as the buckling knockdown
factor is often used to lower the theoretical predictions to a safe level.
knockdown Though all real structures are imperfect, Load, P P different structural forms and constructions have different sensitivity to imperfections. In particular,
P lim
the imperfection sensitivity of a structure is rimperfect influenced by the geometry, construction, material properties, and the support and loading conditions. In order to partially explain the nature of imperfection sensitivity, two notional axial load P versus end-shortening response curves for structures with relatively small geometric imperfections are
End Shortening, S shown in Fig. 1 . For brevity, these curves are (a) Moderately long cylinder referred to herein as load-response curves. Figure 1 a shows the behavior of a typical imperfectionsensitive cylindrical shell, and Fig. 1b shows the behavior of a typical flat plate. In each of these figures, the theoretical behavior of the idealized P bif o' P perfect structure is shown with a dashed line, and the behavior of the corresponding imperfect structure is shown with a solid line. The load- Figure 2 . Geometry, coordinate system, and needed. In the present study, bifurcation buckling modes are mid-surface displacements. used to represent initial geometric-imperfection shapes, and are referred to herein as modal imperfections. A full range of modal imperfections are used in the analyses to find the modal imperfection that gives the lowest limit-point load for a given shell construction and imperfection amplitude. The results are expected to be conservative because modal imperfections represent deformation shapes with a high bias toward buckling.
To accomplish the goal of the present study, the development of the analytical model is discussed first. Then, results from the analytical model for an isotropic monocoque cylinder are described in detail and the results are compared with results from finite-element analyses. These results demonstrate all facets of the analytical solution process and establish the logic behind obtaining imperfection-sensitivity estimates. Next, results from the analytical model are presented for three different composite sandwich cylinders that are representative of heavy-lift launch vehicle structures, and the results are compared with finite-element analyses. Finally, the design implications of this line of research are discussed.
II. Analytical Model Development
There is a significant body of literature in which the buckling of cylindrical shells and the effects of geometric imperfections on the buckling behavior are examined. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] In this paper, the nondimensional parameters and equations of Refs. 19 and 20, based on Donnell's equations, 12,14,15 are applied to axially loaded, geometrically imperfect, closed cylindrical shells with the geometry and coordinate system shown in Fig. 2 . More specifically, the analysis presented in this section uses the stress-function formulation presented in Refs. 19 and 20. Though Donnell's equations are often referred to as shallow-shell equations, they are valid for closed shells, provided that the deformations have more than approximately three circumferential waves. 15 Additionally, Donnell's equations neglect transverse shear flexibility, which has the practical effect of limiting the validity of the equations to thin shells-for cylinders, those with large radius/thickness (R/h) ratios. For example, for isotropic cylindrical shells, it is generally agreed that R/h > 20 is required to use Donnell's equations. For composite shells, particularly sandwich shells, larger values of this ratio may required because composites often have relatively low transverse shear stiffness.
A. Bifurcation Buckling of Perfect Cylinders
The equations used herein to determine the bifurcation buckling load and the corresponding modes are obtained by specializing the equations given in Ref. 20 for a generally anisotropic doubly curved shell to the case of an axialcompression-loaded orthotropic cylinder. This simplification is accomplished by setting the constitutive constants A 16 = A26 = D16 = D26 = 0 in addition to the constants associated with coupling between bending, twisting, extension, and shearing. Moreover, the characteristic dimensions used in Ref. 20 are specified as L 1 = L and L 2 = R (see Fig. 2 (5) and (6) are homogeneous partial differential equations with constant coefficients, and the boundary conditions are homogeneous partial differential operators with constant coefficients. Thus, equations (5) and (6) and the boundary conditions constitute a boundary-eigenvalue problem in which the loading parameter p" is the eigenvalue. Inspection of these equations, after expressing the boundary conditions in terms of the normal displacement and stress function, reveals that an exact solution is given by
where m is the integer number of axial half waves, n is the integer number of circumferential full waves, and A and B are unknown modal amplitudes. Substituting Eqs. (7) and (8) into Eqs. (5) and (6) gives
where CA(m ,n), CB(m ,n), C C (m,n), and CD(m,n) are coefficients that are functions of p", m and n, the cylinder length and diameter, and the nondimensional parameters. Once values for m and n are chosen, the harmonic terms appearing in Eq. (9) are generally nonzero and, as a result, their coefficients must vanish. This requirement yields two homogeneous linear algebraic equations in A and B. Nontrivial solutions may be found by setting the determinant of the coefficient matrix equal to zero and solving for p". The smallest positive value of the loading parameter represents the first intersection of an adjacent equilibrium path with the primary equilibrium path. In order to find the lowest bifurcation mode and load, p " , a range of m and n are considered to find the m and n that give the lowest p".
B. Nonlinear Deformations of Imperfect Cylinders
The equations used herein to determine the nonlinear response of cylinders are also obtained by specializing the equations given in Ref. 20 for a generally anisotropic doubly curved shell to the case of a compression-loaded orthotropic cylinder. Following the same simplification procedure used to obtain Eqs. (1) and (2) gives
for the nonlinear nondimensional transverse equilibrium equation and
for the nonlinear nondimensional compatibility equation. In these two equations, F is a nondimensional stress function defined in a manner analogous to Eq. (3), and WI and W are the nondimensional radial imperfection and nondimensional radial displacement, respectively. Equations (10) and (11) are based on the approach used by Donnell 14, 15 in which relatively small initial shape imperfections are included through the use of an imperfection function defined as a radial displacement from the ideal cylinder middle surface. In this approach, the total radial displacement equals the sum of the radial imperfection function and the radial displacement produced by applied loads. The strain-displacement relations are formulated on the basis that the imperfection function cannot produce strains when applied loads are absent. Details of this approach are given in Ref.
20. An important part of the approach used herein to solve Eqs. (8) and (9) is to represent the initial geometric imperfections WI in the form of the bifurcation buckling modes that are obtained by solving Eqs. (5) and (6); that is,
where f ҧ ூ is a specified nondimensional imperfection amplitude. This representation of the imperfections was chosen because the actual forms of the imperfections are unknown during the initial stages of the design process, and because the use of bifurcation modes is expected to yield conservative estimates of the imperfection sensitivity. Specifically, the bifurcation modes generally represent imperfections with a propensity for buckling that is greater than that associated with an actual imperfection (e.g., see Ref. 5) .
Another important part of the approach used herein to solve Eqs. (10) and (11) is the rationale for selecting a relatively simple functional representation of the nonlinear radial displacement. For thin-walled closed cylinders buckled under axial load, the amplitude of the radially inward buckles is generally greater than the amplitude of the radially outward buckles. For this reason, W must have a functional form with more deformational freedom than that given by Eq. (12) for the bifurcation mode. 13, 16 In this study, the functional form is the same as that used by Vol'mir;
16 that is,
where f 0, f 1 , and f2 are unknown nondimensional radial-displacement amplitudes. The first term represents a uniform radial expansion, the second term is the same form as the bifurcation buckling displacement, and the third term is the additional term that allows the additional deformational freedom discussed above. It should be noted that this third term in Eq. (13) does not satisfy the condition that M 11 = 0 at z 1 = 0 and z 1 = L. Vol'mir 16 has stated that isotropic cylinders loaded in axial compression are generally insensitive to this condition.
Upon substituting Eqs. (12) and (13) into Eq. (11), the compatibility equation is converted into a nonhomogeneous partial differential equation with constant coefficients in terms of the stress function F. The method of undetermined coefficients is used to find a particular solution to the compatibility equation in terms of the unknown radial-displacement amplitudes f 0, f 1 , and f2. An approximate homogenous solution for F is constructed by using the condition of periodicity of the circumferential displacement and by relaxing the boundary conditions on N 11 by allowing these boundary conditions to be satisfied in the average, integrated sense. This approach is based on the presumption that averaged representations of boundary conditions are sufficient for predicting global response quantities like buckling loads, and was adopted because of a substantial reduction in the mathematical complexity. Like that given by Vol'mir, 16 the homogeneous solution, Fh, is approximated by
where s and t are unknown coefficients that are related to the stresses in the axial and circumferential directions, respectively. If s is chosen such that
the boundary condition that N 11 = ܰ ଵଵ ௗ at z 1 = 0 and z 1 = L is satisfied in an averaged, integrated manner. This result is verified by substituting Eqs. (14) and (15) and the particular solution into the expression for N 11 in terms of the stress function and then integrating with respect to z2 from 0 to 2n. The coefficient t is determined in terms of f 0 , f 1 , and f2 by enforcing periodicity of the circumferential displacement, as follows. First, the strain-displacement relations and constitutive equations are used to express the derivative of the circumferential displacement in terms of the W and F. In particular, specializing the appropriate equations given in Ref. 20 to the cylinders considered herein yields
where vm is an additional nondimensional parameter given by The first equation, using unity as the basis function, allows f 0 to be found in terms of f 1 and f2. When this expression for f 0 is put into the expression for t, it is found that t is identically zero, which indicates that there is no circumferential membrane stress in the cylinder. The coefficients of the unknowns in the remaining two equations depend on the values for the nondimensional parameters, the wave numbers m and n, the imperfection amplitude ݂ҧ ூ , and the loading parameter p". Upon specifying these quantities, the two nonlinear algebraic equations can be solved. The real-valued roots of these equations define the corresponding nonlinear equilibrium configurations of a cylinder. The limit-point load is defined as the first local maximum on the primary equilibrium path of the imperfect cylinder that relates the applied load to the average axial end shortening. To obtain the nondimensional axial displacement U 1 , the strain-displacement relations and constitutive equations are used to express the derivative of The resulting expression is then integrated around the circumference of the cylinder to get the average end shortening.
To further investigate the significance of violating the boundary condition M 11 = 0 at z 1 = 0 and z 1 = L, the corresponding residual moment at each end of the cylinder was obtained. Then, the residuals were integrated around the circumference and found to be zero-valued.
III. Baseline Results for an Isotropic Monocoque Cylinder
As a first step in assessing the adequacy of the analysis presented herein, results were obtained for a monocoque aluminum cylinder with a radius R = 198 in., a length L = 585 in., a thickness h = 0.6 in., a Young's modulus E = 10.4×10 6 psi, and a Poisson's ratio v = 0.3. These dimensions are representative of an interstage for a heavy lift rocket that is capable of supporting an axial line load of 4500 lb./in. with a buckling knockdown factor of 0.65 and a factor of safety of 1.4. First, a detailed set of results obtained from the analytical model are presented to illustrate the solution methodology. For this effort, the analytical model was developed and solved by using the symbolic mathematical computer code Mathematica. 23 Second, selected corresponding results obtained from finite-element analyses are presented and compared.
A. Analysis Results
The first step in assessing the analytical model is to compute the loads, and the associated modes, that correspond to bifurcation buckling of the idealized, geometrically perfect cylinder. The lowest bifurcation-buckling load and mode was found by considering all wave numbers for 1 < m ≤ 20 and 2 < n ≤ 20 that appear in Eqs. (7) and (8). For this highly axisymmetric cylinder, the lowest bifurcation-buckling load is given by P bif = 1.42×10 7 lbs. and the associated mode corresponds to the wave numbers ( m, n) = (9, 15). In addition, the analysis predicted 79 modes with buckling loads within 5% of P b if and 35 modes with buckling loads within 1% of Pbif for the ranges of wave numbers considered.
Next, nonlinear analyses of the idealized, geometrically perfect cylinder and the corresponding cylinder with a bifurcation-mode imperfection were conducted. In these analyses, a particular pair of wave numbers is specified, which yields a family of solution paths in the space spanned by the unknown displacement amplitudes, f 1 and f2, and the load P. Each path in the family is determined by the value of the dimensional imperfection amplitude, f I . Points of a solution path are obtained by specifying the load and by then solving the nonlinear algebraic equations that result from the application of Galerkin's Method for f 1 and f2. For a given load value, there are nine roots to these equations, for which the real-valued roots define the possible equilibrium configurations of the cylinder. A complete solution path is obtained by solving these nonlinear equations repeatedly for monotonically increasing values of the load over the desired loading range.
American Institute of Aeronautics and Astronautics
Two solution paths of the family defined by ( m, n) = (9, 15) are shown in Figs. 3a and 3b for a perfect cylinder with f, = 0 and an imperfect cylinder with f, = 0.05h, respectively, where the load is normalized by Pbif. In addition, the normalized-load vs. end-shortening curves are shown in Figs. 3f and 3g , the normalized load vs. f 1 is shown in Figs. 3c and 3d , and the normalized load vs. f2 in shown in Figs. 3e and 3f . The curves shown in Figs. 3c through f represent projections of the solution path onto a plane, and as such the curves cannot be traversed in a manner where either f 1 or f2 is held at a fixed value. Collectively, the plots for the perfect cylinder are shown on the left side of Fig.  3 and for the imperfect cylinder on the right. The primary equilibrium paths are shown in blue and the secondary paths are shown in red, and the curves are represented by individual points for the each of the real solutions obtained for a given value of p". Because the paths are represented by individual points, some of the paths may appear discontinuous in areas of near-zero slope; if a smaller interval was chosen for p", these apparent discontinuities would diminish.
The results in Fig. 3 for the geometrically perfect cylinder under increasing load indicate that the solution path consists of three connected branches. In particular, the solution path follows the line from point A, which corresponds to no loading, to the bifurcation point at point B shown in the figures. Once point B is reached, two new paths BC and BD exist that have identical load-response characteristics; this is consistent with an unstable symmetric bifurcation. Specifically, paths BC and BD represent the same response of the cylinder, except that the values of f 1 for path BC are the negatives of the corresponding values for path BD. The effect of this similarity yields deformed shapes that are identical but offset by a rotation of one circumferential half wavelength, i.e., offset by θ =π /n .
The response of the imperfect cylinder to loading shows some similarities with that of the perfect cylinder, however there are important differences. For example, the imperfect solution path consists of two disconnected branches. When an imperfection is present, bending and membrane deformation occur at the onset of loading. As such, it is seen that the primary equilibrium path AB corresponds to nonzero values of f 1 and f2. Additionally, the results indicate that point B is a limit point of the imperfect-cylinder response. At this point, further traversal of the solution path cannot sustain an increase in the load and the cylinder must go into motion to acquire a stable equilibrium configuration. Thus, buckling of the imperfect cylinder occurs at the limit point, and the corresponding buckling load is denoted by Plim . It is important to note that Plim is significantly smaller than Pbif. Thus, the ratio P lim /P bif represents the sensitivity of the cylinder to the initial geometric imperfection and is referred to herein as the imperfection sensitivity factor. It should also be noted that the only effect of reversing the sign of the initial imperfection amplitude is to interchange the position of the red and blue curves in Fig. 3b . The corresponding mode shape is offset by one circumferential half wavelength.
The effects of varying the magnitude of the bifurcation-mode-imperfection amplitude on the load-response curves and the imperfection sensitivity are shown in Fig. 4 . Five load-response curves that correspond to values of imperfection amplitudes bounded by f, = 0 and 0.20h are shown in Fig. 4a . Each of these load-response curves corresponds to the bifurcation mode given by ( m, n) = (9, 15). In this figure, point A corresponds to the bifurcation buckling load and points B through E correspond to the limit points of the equilibrium paths defined by imperfection amplitudes between f, = 0.01 h and 0.11 h. The results indicate that the load-response curves for the very small imperfection amplitudes extend far into the cusp, toward Pbif, of the corresponding curve for the perfect cylinder. However, as the imperfection amplitude increases, the load-response curves move away from the perfect-cylinder curve, the post-limit-load drop in load diminishes, and the imperfection sensitivity increases. For f, = 0.11 h, the bend in the load-response curve is almost completely flat. For imperfection amplitudes larger than 0.11 h, there is no limitpoint behavior. For example, for f, = 0.20h there is an inflection point at point F of the load-response curve, but no limit point. This equilibrium path is characteristic of a stable monotonically increasing response.
These effects of imperfection amplitude on the imperfection sensitivity, or reduction in buckling resistance, for mode (m, n) = (9, 15) are shown as the imperfection sensitivity factor plotted vs. imperfection amplitude in Fig. 4b . The colored, lettered points on this curve correspond to the same colored and lettered points on Fig. 4a . It is seen that for increasing initial imperfection amplitudes there is a monotonic reduction in the ordinate until point E is reached, which corresponds to a monotonic increase in the imperfection sensitivity. For larger imperfection amplitudes, there is no predicted limit point for mode (9, 15). Overall, the maximum imperfection sensitivity shown in Fig. 4b corresponds to a reduction in load-carrying capacity of approximately 24% for an imperfection amplitude that is approximately a tenth of the wall thickness.
Observing the load-response curves obtained for different modal imperfections indicates that the imperfection sensitivity associated with a of range of modes must examined in order to get a conservative estimate of the overall imperfection sensitivity. Toward this goal, consider the load-response curves for a geometrically perfect cylinder obtained for the wave numbers (9, 15), (9, 13), (9, 10), (7, 9 ) that are shown in Fig. 5 . These curves represent modes that produce a range of imperfection sensitivities that is broader than that obtained by considering the bifurcation mode given by (9, 15). The black postbuckling branch in the figure corresponds to ( m, n) = (9, 15), associated with Pbif. Thus, the black postbuckling curve intersects the straight prebuckling line at P = P b if. In contrast, the bifurcation load of the (9, 13) mode is about 8% higher than P b if , but the postbuckling curve dips well below that of mode (9, 15). Similarly, the bifurcation loads for modes (9, 10) and (7, 9) modes are considerably higher than Pbif , and their postbuckling branches also dip below that of the (9, 15) mode. As will be seen in Fig. 6 , each of these modes produces the lowest limit-point load for some value of imperfection amplitude. In particular, in order of increasing imperfection amplitude, modes (9, 15), (9, 13), (9, 10), and (7, 9) produce the lowest limit-point load.
Though certainly not all inclusive, the four postbuckling curves shown in Fig. 5 strongly suggest that a mode other than the bifurcation mode may yield a greater imperfection sensitivity than the bifurcation mode, and that the wave numbers associated with the smallest limit-point load are likely to change as the size of the initial imperfection amplitude changes. Therefore, if bifurcation-mode imperfections are used to estimate imperfection sensitivity, the extreme sensitivity must be determined by examining the limit-point loads associated with all relatively nearby modes over a given range of wave numbers and imperfection amplitudes. This idea is somewhat justified by noting that experiments using high-speed photography to capture the progression of the postbuckling of compressionloaded cylinders have shown that the initial buckle pattern was observed to consist of small, high-wave-number buckles similar to the predicted bifurcation mode. However, as the buckling progressed, the deformation pattern transitioned rapidly through larger, lower-wave-number buckles until the stable post buckling configuration was reached (see Ref. 24) .
To obtain the extreme imperfection sensitivity, the smallest limit-point load corresponding to a value of the imperfection amplitude f I were determined for all modes given by 1 < m < 20 and 2 < n < 20. The resulting imperfection sensitivity factors, Plim / Pbif , are plotted in Fig. 6 for imperfection amplitudes between zero and one wall thickness, and selected results are shown in Table 1 . The lower-bound envelope of the results is shown as the thick black line connecting diamond-shaped symbols. For each point of the envelope, the values of ( m, n) are shown in the figure. The grey dashed lines shown, extending up and to the left from each points of the envelope, represent P lim /P bif for that particular mode. Moreover, each of these grey dashed lines is drawn over the range of imperfection amplitudes in which the response exhibits a limit point. The blue curve corresponds to the results presented in Fig. 5 . The results in Fig. 6 indicate that the minimum of the ratio Plim / Pbif denoted by Pli ' 'i /P bif approaches unity as the imperfection amplitude approaches zero. As the imperfection amplitude increases, there is a significant, and generally monotonic, reduction in P li ' 'i /P bif. In particular, as the imperfection amplitude approaches one wall thickness, Plim / Pbif approaches 0.4. This value of 0.4 corresponds to a 60% reduction in load-carrying capacity, and is very close to the knockdown factor given in NASA SP-8007 (knockdown factor = 0.39) indicated by the green line in the figure. However, the results also show that there are several slight increases P li' 'i /P bif. It is seen that these increases in Pli' 'i /P b if occur at imperfection amplitudes where the limit-point behavior of the mode that gives Pli' 'i
terminates. Additionally, at the imperfection amplitudes where these increases occur, the imperfection-amplitude range over which the many of the modes show limit-point behavior has been exceeded. This observation suggests the need to have clustered eigenvalues and many available mode-shape paths if the current methodology is to show a smooth monotonic imperfection-sensitivity response to changes in imperfection amplitude. That is, if few modes produce limit-point behavior at a particular imperfection amplitude, these increases in P li' 'i /P bif may be large.
B. Finite-Element Analysis
In order to check the analytical model and to begin to determine its range of validity, the predicted imperfection sensitivities obtained by using the analytical model were compared with corresponding results from finite-element analyses. The general-purpose finite-element code STAGS version 5.0 25 was used for this comparison. As with the analytical model, two types of analyses were run with STAGS-linear eigenvalue analyses to find the bifurcation buckling load, and geometrically nonlinear analyses to find the limit-point load for imperfect cylinders. For all analyses the STAGS E410 four-node quadrilateral shell element with no transverse-shear flexibility was used. The mesh consisted of 29,500 approximately square elements-118 elements in the axial direction and 250 elements in the circumferential direction. Additionally, the S2 simply supported boundary conditions were used for both types of finite-element analysis. To ensure that the STAGS results are accurate, a convergence study was conducted. As summarized in Table 2 , significantly coarser and finer meshes were considered for both the linear eigenvalue analysis and the nonlinear analysis with an imperfection in the form of Eq. (12) with ( m, n) = (1, 6) and an imperfection amplitude of f I = 0.33h. The calculated bifurcation buckling modes and loads and nonlinear limit-point loads were each found to vary less than 2% for the three different meshes.
For the nonlinear STAGS analysis of the imperfect cylinder, two user subroutines are used. The first user subroutine applies an initial imperfection in the form of Eq. (12). The second user subroutine prevents solutions with negative eigenvalues from being accepted, so that the solver attempts to find stable solutions as long as they exist. Past institutional experience has shown that this subroutine in conjunction with the STAGS solver will usually follow a stable path to very near the limit-point load. Thus, the last converged solution was taken to be the limitpoint load in this study. In order to find the imperfection-mode wave numbers that gives the minimum limit-point load, a different approach from that of the analytical model had to be taken. That is, because of the analysis time required, it was infeasible to analyze all modes for 1 < m < 20 and 2 < n < 20, so a subset of these modes was chosen. Specifically, the minimum limit-point load was found in the vicinity of the modes that lead to each of the analytical-model P b if , analytical-model P n, and the STAGS Pbif . Each of these three starting modes and all the immediately neighboring modes in m and n were used as the initial imperfection shape in separate STAGS analyses. For example, in the analytical model, the mode ( m, n) = (9, 15) gave P b if . To examine the imperfection sensitivity for other modes near this one, separate nonlinear STAGS analyses were run to find the limit-point loads for nine different imperfection modes in the vicinity of (9, 15), i.e., in the mode space bounded by 8 < m < 10 and 14 < n < 16. Likewise, nonlinear STAGS analyses were run for each of the nine initial-imperfection modes in the immediate vicinity of the (m, n) that led to both the analytical-model P n and the STAGS P bif . If the mode that led to the STAGS lowest limit-point load was on the edge of one of these mode spaces, that row in m or n was expanded out until a local minimum in the limit-point load was found. Though this method did not span the entire space that the analytical model did, it appears to be a reasonable method of finding the STAGS P n because the surface created by plotting the limit-loads vs. m and n is generally smooth, and fairly flat near this minimum limit-point load.
The STAGS linear eigenvalue analysis predicted the bifurcation buckling load of the aluminum cylinder to be P bif = 1.36×10 7 lbs., which is approximately 4% lower than the bifurcation buckling load predicted by the analytical model. This difference is attributed to approximations made in the Donnell equations and the use of a membrane prebuckling state in the analytical model, which neglects bending at the ends of the cylinder in the prebuckling solution. Nonlinear analyses of the imperfect shells were conducted for the three initial imperfection amplitudes fI = 0.165h, 0.33h, and 0.66h. These imperfection amplitudes are equivalent to initial imperfection amplitudes of R/2000, R/1000, and R/500, and were selected to facilitate comparisons with results for composite shells that were obtained in the present study and discussed in the next section. For these three initial imperfection amplitudes, the smallest limit-point loads Pl lm mn obtained were 7.67×10 6 lbs., 5.80×10 6 lbs., and 4.08×10 6 lbs., respectively. The corresponding imperfection sensitivity factors are 0.57, 0.43, and 0.30, and are also plotted in Fig. 6 . These results show that the imperfection sensitivity factors predicted by STAGS are lower than those predicted by the analytical model. However, both analysis methods predict a similar trend. In addition, the differences increase as the imperfection amplitude increases. These differences are likely caused by the greater deformational freedom and the prebuckling bending deformations at the cylinder ends that are included in the STAGS analyses. The results in Fig. 6 also show that the knockdown factor recommended by NASA SP-8007 is close to lowest value of imperfection sensitivity factor predicted by the analytical model, but slightly higher than that predicted by STAGS.
Additional finite-element analyses were conducted in the present study to examine the significance of satisfying the intended boundary conditions only in an average manner in the analytical model. In particular, this concern was addressed by examining the limit-point loads obtained for the end conditions of M 11 = 0 and 8W ⁄8 z ଵ = 0. This change in the boundary conditions led to less than 1% difference in the limit-point loads for modes ( m, n) = (1, 6) and (13, 15) with f I = 0.33h.
The finite-element analyses also demonstrated the need for a special-purpose analysis tool that can be used in a design setting. For example, on a LINUX-based computer, the STAGS coarse-mesh model took more than 5 minutes to run, the medium-mesh model took between 40 and 60 minutes, and the fine-mesh model took over 3 hours for each imperfection mode considered. These run times do not include any postprocessing or other interaction time needed to run the analyses and get usable output. On the same computer, the analytical model takes between 40 and 60 minutes to run analyses for all imperfection modes over 1 < m < 20 and 2 < n < 20.
IV. Imperfection Sensitivity Estimates for Composite Sandwich Cylinders
To demonstrate the utility of the analytical model presented herein, while also assessing its validity, results for three sandwich composite cylinders that are potential candidates for new launch-vehicle components are presented in this section. The face sheets consist of unidirectional graphite-epoxy plies and the core is 3.1 pcf aluminum honeycomb. The structural optimization code PANDA226 was used to size the face-sheet and core thicknesses to support an axial line load of 4500 lb./in. and to minimize the structural mass. A buckling knockdown factor equal to 0.65 and a factor of safety equal to 1.4 were also used. The optimization study considered three wall constructions with symmetric face sheets. The face-sheet layups for the three sandwich cylinders are a [±45/0/90] 2s quasi-isotropic layup with 25% axial plies, a [±45/0/90/0/90/0] s layup with 43% axial plies, referred to herein as the tailored cylinder, and a [45/0/-45/0/0/90/0/0/90/0] s layup with 60% axial plies, referred to herein as the highly tailored cylinder. The core thicknesses and total thicknesses for the three shells are given in Table 1 . Relative to the quasiisotropic cylinder the tailored cylinder has a 10% lower mass, and the highly tailored cylinder has a 7% lower mass. The three sandwich shells considered have, comparatively, very small A 16, A26, D16, D26, and extension-bending coupling (B-matrix) stiffness terms. As a result, these stiffnesses are neglected in the analytical model and the finiteelement analyses.
The procedure used to determine the imperfection sensitivity of the composite sandwich cylinders was identical to that presented previously for the isotropic cylinder, and as presented in Table 3 , a finite-element convergence study was also conducted for the quasi-isotropic shell by considering the same three meshes used with the isotropic cylinder. In this convergence study, a linear eigenvalue analysis and the nonlinear analysis with an imperfection in the form of Eq. (12) with (m, n) = (6, 7) and an imperfection amplitude of f, = 0.11 h were performed for each mesh. The calculated bifurcation modes and buckling loads and nonlinear limit-point loads were each found to vary by about 1% or less for the three different meshes.
The bifurcation buckling loads predicted with the analytical model, for all modes numbers over 1 < m < 20 and 2 < n < 20, and with the STAGS finite-element code for the three composite sandwich cylinders are presented in Table  1 . These results indicate differences in the predictions obtained by the two analysis methods of 13%, 3.8%, and 4.7% for the quasi-isotropic, tailored, and highly tailored sandwich cylinders, respectively. Like for the isotropic cylinder, these differences are attributed to approximations made in the Donnell equations and the use of a membrane prebuckling state in the analytical model, which neglects bending at the ends of the cylinder in the prebuckling solution.
Next, the lowest imperfection sensitivity factor, which corresponds to the smallest limit-point load P l "
, was calculated over a range of initial imperfection amplitudes by using the analytical model with bifurcation modes defined by 1 < m < 20 and 2 < n < 20; STAGS was used to correlate the results for three initial imperfection amplitudes. Additionally, buckling knockdown factors were calculated by using the equations given in NASA SP-8007 for an isotropic sandwich structure. These values are equal to 0.64, 0.69, and 0.72 for the quasi-isotropic, tailored, and highly tailored cylinders, respectively, and are shown in Figs. 7a, 7b, and 7c, respectively, as the horizontal green lines. The black lines in Fig. 7 represent the envelope of imperfection sensitivity factors obtained from the analytical model, and the red circles represent the corresponding results obtained with STAGS. The imperfection amplitude range shown in Fig. 7 is for f, between zero and 0.25h. This range was chosen because the three composite sandwich shells are all relatively thick and because the bifurcation modes that yield the smallest limit-point loads are high-frequency modes. As a result, a high-frequency imperfection shape with an amplitude equal to 25% of the wall thickness is approaching the limit of acceptable manufacturing tolerances for this class of cylinders. Additionally, the Fourier cosine series representations of measured cylinder imperfections given in Ref. 5 indicate that the dominant waveform comprising the measured data (other than the elliptical waveform not considered herein) corresponds to the (1, 2) bifurcation mode with an amplitude equal to 20% of the wall thickness. Moreover, the measured data in Ref. 5 indicates that as the wave number increases in either the axial or circumferential direction, the amplitude quickly diminishes.
The results in Fig. 7 and Table 1 indicate that the analytical and finite-element predictions are in fairly good agreement for all three sandwich cylinders and exhibit the same trends. Specifically, the imperfection sensitivity factors predicted by STAGS were lower than the corresponding ones predicted by the analytical model, for all three sandwich constructions and the full range of imperfection amplitudes. The agreement was within 9% for the tailored and highly tailored sandwiches, and within 25% for the quasi-isotropic sandwich. For all three sandwich cylinders, the agreement is within 10% for initial imperfection amplitudes of R/2000. The results also show that the quasiisotropic sandwich is predicted to be the most imperfection sensitive and the highly tailored sandwich is predicted to be the least imperfection sensitive. However, the significance of this difference is somewhat obscured because the imperfection amplitudes in Fig. 7 are normalized by the wall thickness that is different for the three sandwiches. For example, consider the results presented in Fig. 8 . These results correspond to the imperfection amplitudes used to obtain the circular red symbols shown in Fig. 7 . Specifically, imperfection sensitivity factors are given in Fig. 8 for the isotropic and the three sandwich cylinders, and are shown for imperfection amplitudes of R/2000, R/1000, and R/500. Representing the imperfection amplitude in this way allows direct comparison in terms of physically observable imperfection amplitudes. With this representation as a basis for comparison, the results in Fig. 8 show in a clear manner that the isotropic cylinder is predicted to be the most imperfection sensitive and the highly tailored cylinder is predicted to be the least imperfection sensitive. Additionally, the results in Fig. 8 show that there is generally better agreement between the analytical and finite-element predictions as the amount of tailoring increases, that is, moving left to right in Fig. 8. 
V. Design Implications
The results in Fig. 7 also indicate that the buckling knockdown factors recommended by NASA SP-8007 are lower than those predicted by the analytical model, over the entire range of imperfection amplitudes considered, for all three sandwich constructions. However, for imperfection amplitudes of 025h, the imperfection sensitivity factors for the three sandwich cylinders were within 4% of the buckling knockdown factors obtained from NASA SP-8007. It should be noted that the NASA SP-8007 recommendations are shown for reference, and that the imperfection sensitivity factors given in this paper are not intended to be used as replacements. However, the results do indicate the potential advantages of developing refined imperfection sensitivity estimates for use in design. For example, the three composite sandwich cylinders considered herein were designed using a buckling knockdown factor of 0.65. Based on this knockdown factor, the tailored cylinder is predicted to yield the minimum mass. In contrast, the results in Figs. 7 and 8 predict the highly tailored cylinder to be less imperfection sensitive, suggesting that a higher knockdown factor could be used to design the highly tailored cylinder. To demonstrate the potential benefits of using refined imperfection sensitivity knockdown factors on the shell design, PANDA2 was used to find optimal designs for the three sandwich layups over buckling knockdown factors ranging from 0.6 to 0.9. This range of knockdown factors is representative of the predictions given in Fig. 7 . The results of the PANDA2 analyses are shown in Fig. 9 as the areal weight (weight per unit area) plotted as a function of the buckling knockdown factor for the three sandwiches. With respect to a knockdown factor of 0.65, these results show 7.1%, 11%, and 16% weight savings for the quasi-isotropic, tailored, and highly tailored cylinders, respectively, as the knockdown factor approaches 0.9. In addition, the highly tailored sandwich family might lead to lower mass than the tailored sandwich. That is, by being able to move farther to the right in Fig. 9 , the tailored shell construction might lead to a lower mass. Regardless of whether the tailored or highly tailored laminate families would be better, comparing either one with the quasi-isotropic cylinder shows that some tailoring may lead to a "double benefit" of mass reduction due to both the tailoring itself and to the reduced imperfection sensitivity. These are the type of potential benefits that can be explored with a special-purpose tool that captures the essence of the nonlinear buckling behavior of cylinders.
VI. Concluding Remarks
It has long been known that geometric imperfections can cause the load-carrying capabilities of inherently imperfect real structures to be much lower than theoretical predictions for perfect structures. For the design of shell structures, buckling knockdown factors that were developed in the 1960's are used to account for this imperfection sensitivity, and there are efforts at NASA and elsewhere to develop analysis-based knockdown factors based on characteristic geometric imperfections. In the present paper, the development of an analytical model for assessing the imperfection sensitivity of axially compressed orthotropic cylinders and results from the model have been discussed. The analytical model uses bifurcation buckling modes as initial geometric imperfections and a relatively simple form for the assumed displacements. Results for an isotropic cylinder and several composite sandwich cylinder designs with varying degrees of stiffness tailoring have been presented. These results were compared with results from the general-purpose finite-element code STAGS, and reasonable agreement and the same trends are seen with both analysis techniques. However, the imperfection sensitivity is consistently under predicted with the analytical model. In this paper, the results have been presented in terms of an imperfection sensitivity factor (the imperfect limit load divided by the bifurcation buckling load). This factor is not intended to be used in place of the buckling knockdown factors of NASA SP-8007 1 , but rather is intended to be a relative measure the imperfection sensitivity of different shells.
The four cylinders considered in this study had the same shell dimensions and were designed to meet realistic heavy-lift launch vehicle loads. The three composite sandwich cylinders had face sheets with different degrees of axial stiffness and were sized to minimize mass for that layup. For the cylinders examined in this study, the isotropic cylinder showed the highest degree of imperfection sensitivity. For the composite cylinders, the quasi-isotropic sandwich was predicted to have the highest imperfection sensitivity and the most axially stiff cylinder was predicted to have the lowest imperfection sensitivity. This result indicates that it should be possible to design composite cylinders that benefit from tailoring both to meet the design loads and also to reduce the imperfection sensitivity. • (9,13) (8,10) (9,11) (9,10) (7 (7, 10) Analytical envelope Analytical (9,15)
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